
ME-426 – Micro/Nanomechanical Devices

Prof. Guillermo Villanueva

5 – Surface Stress 
Detection



▪ Transduction chain

▪ Surface Stress

▪ Bimorph structure

▪ Stress gradient
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Surface Stress Detection



Stress in thin films!!!
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Buckling

Stress gradient

BucklingStress gradient



Stress detection
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Motion 
Transducer

Amplifier

ℜ𝑛 𝐺

𝑥 𝑉 Digitizer𝑉

Data storage

Stress 
Transducer

𝜎

𝑘∗



A. Beam shortens

B. Beam bends up

C. Beam bends down

D. Beam does not move

What happens after release?
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𝜎0𝜎0



A. Beam shortens

B. Beam bends up

C. Beam bends down

D. Beam does not move

What happens after release?
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𝜎0𝜎0 𝑬𝟏 > 𝑬𝟐



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

Multi-layer structure
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𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

Multi-layer structure
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𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

▪ When we release, we have the following internal “loads”:

▪ 𝑁𝑖𝑛 𝑥 = 𝜎1𝑡1 + 𝜎2𝑡2 𝑤

▪ 𝑀𝑖𝑛 𝑥 = 0׬−
𝑡𝑡𝑜𝑡 𝜎 𝑦 𝑦 − 𝑦0 𝑤 ⅆ𝑦 = 0׬−

𝑡1 𝜎1𝑦𝑤 ⅆ𝑦 − 𝑡1׬
𝑡𝑡𝑜𝑡 𝜎2𝑦𝑤 ⅆ𝑦 + 𝑦0𝑁 𝑥 =

= −
𝑤𝑡1

2

2
−

𝜎2𝑤𝑡2
2

2
𝑡2 − 2𝑡1 + 𝑦0𝑁 𝑥

Multi-layer structure
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𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1

𝑦0 =

𝐸1𝑡1
2

2
+
𝐸2𝑡2
2

𝑡2 − 2𝑡1

𝐸1𝑡1 + 𝐸2𝑡2



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

▪ Writing: 𝜀 𝑦 = 𝜀0 −
1

𝜌
𝑦 − 𝑦0

𝜀0 = −
𝑡1𝜎1 + 𝑡2𝜎2
𝑡1𝐸1 + 𝑡2𝐸2

1

𝜌
= −

6𝑡1𝑡2 𝑡1 + 𝑡2 𝐸2𝜎1 − 𝐸1𝜎2

𝑡1
4𝐸1

2 + 2𝑡1𝑡2𝐸1𝐸2 2𝑡1
2 + 3𝑡1𝑡2 + 2𝑡2

2 + 𝑡2
4𝐸2

2

Multi-layer structure
M

E
4

2
6

 -
L

e
c

tu
re

 5
 -

S
u

rf
a

c
e

 S
tr

e
s

s
 D

e
te

c
ti

o
n

11

𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

▪ Bottom layer stress-free, top layer very thin

𝜀0 = −
𝑡1𝜎1 + 𝑡2𝜎2
𝑡1𝐸1 + 𝑡2𝐸2

≈ −
𝑡2𝜎2
𝑡1𝐸1

1

𝜌
≈
6𝑡2𝜎2

𝑡1
2𝐸1

= −
6𝜀0
𝑡1

Multi-layer structure –Case 1
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𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1



How much is the elastic constant?
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𝑬𝟐, 𝝈𝟐, 𝒕𝟐
𝑬𝟏, 𝜎1, 𝑡1

1

𝜌
≈
6𝑡2𝜎2

𝑡1
2𝐸1

𝜕2𝑤

𝜕𝑥2
=
1

𝜌
→ 𝑤 𝑥 ≈

6𝑡2𝜎2

𝑡1
2𝐸1

𝑥2

2
=
3𝑡2𝜎2

𝑡1
2𝐸1

𝑥2

Motion 
Transducer

Amplifier

ℜ𝑛 𝐺

𝑤 𝑥 𝑉 Digitizer𝑉

Data storage

Stress 
Transducer

𝜎

𝑘∗



A. Beam elongates

B. Beam bends up

C. Beam bends down

D. Beam does not move

What happens after release?
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𝜎0𝜎0 𝑬𝟏 > 𝑬𝟐



▪ We assume all the time 𝐿 ≫ 𝑤, 𝑡

▪ When we release, we have the following internal “loads”:

▪ 𝑁0 𝑥 = 𝜎1,𝑎𝑣𝑡1𝑤

▪ 𝑀0 𝑥 = 0׬−
𝑡1 𝜎1 𝑦 𝑦 − 𝑦0 𝑤ⅆ𝑦 = 0׬−

𝑡1 𝜎𝑎𝑣 + 𝛾 𝑦 − 𝑦0 𝑦 − 𝑦0 𝑤ⅆ𝑦 =

= 0׬−
𝑡1 𝜎𝑎𝑣 𝑦 − 𝑦0 𝑤ⅆ𝑦 − 0׬

𝑡1 𝛾 𝑦 − 𝑦0
2𝑤ⅆ𝑦 = −𝛾𝐼

Single layer structure –Stress gradient
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𝑬𝟏, 𝜎1(𝑦), 𝑡1

𝑦0 =
𝑡1
2

𝜎1 𝑦 = 𝜎𝑎𝑣 + 𝛾 𝑦 − 𝑦0

𝜀 𝑦 = 𝜀0 −
1

𝜌
𝑦 − 𝑦0 → 𝜀0 = −

𝜎𝑎𝑣
𝐸1

;
1

𝜌
=
𝛾

𝐸


